GammaLib Maths

Mathematical Implementation

Version draft
2 January 2011

Author: Jiirgen Kndédlseder
Approved by: Jiirgen Knodlseder

Institut de Recherche en Astrophysique et Planétologie (IRAP)
9, avenue du Colonel-Roche
31028 Toulouse Cedex 4
FRANCE




GammalLib Mathematical Implementation

This page intentionally left blank

ii



GammalLib Mathematical Implementation
Contents
1 Introduction

2 Spatial models

2.1 ShellFunction . . . . . . . . . . e
2.1.1 Small angle approximation . . . . . . . .. ...
2.1.2  Spherical formulation . . . .. ..o o

3 Spectral models
3.1 PowerLaw . . . . . . . . e

3.2 PowerLaw2 . . . . . . e

iii

I S T



GammalLib Mathematical Implementation 1

1 Introduction

2 Spatial models

2.1 ShellFunction

2.1.1 Small angle approximation

The shell function is a radial function f(6), where 0 is the angular separation between shell centre and the
actual location. In the small angle approximation sin € ~ 6, the shell function is given by

VO — 02— \J02 — 62 ito <o,
f@) = fo 62, — 62 if Bin < 6 < Bous M

out

0 if 0> Oout

is the radial function. fy is a normalization constant that is determined by

/2
27r/ FO)0d0 = 1 @)
0
in the small angle approximation. Using

/x\/a—xde:—%(a—ﬁ)WQ (3)

we obtain

% = —2% (62,0 — 020772 = (03, — 622 = (82,0 + (B2)%% + (8240 — 02)*/2 — (02 — 62)%|4)
[0 — R0 — (BB (R (B2 — 62 (5)
- 5 e o
= 2% (030 — 03] -

2.1.2 Spherical formulation

The shell function on a sphere is given by

\/sin2 Oout — SINZ 0 — \/sin2 Oy —sinZ 0 if 0 < 6,

FO)=Foq \/sin? 0,y — sin20 i 0 < 0 < Oous (8)
0 if 0 > Oout

The normalization constant fy is determined by

w/
27r/0 2f(H)sinQdé?zl 9)
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Using

. - \/cos 2 20 -1 -1
/smx\/a—stmdx:—cosx COZ\/QJ;_ a _a2 In (\/icosx+\/cos2:v+2a—1) (10)

and
2a = 2sin? 6y = 1 — cos 26, (11)

we can write

. /. . Vcos 2z — 26 200 + 1
/smx sin? 0y — sin? zdz = _COSTVEOR AT T COS 270 + co8 250 + In (\/icosx + 4/ cos2x — cos 200)
2v/2 4
(12)

For the special case of x = 0, the integral becomes

- 1
_\/WjLCOQZOJF ln<\/§+\/m) (13)

while for the special case x = 6y, it reduces to

2 1
% In (\/icos 90> (14)

Using these equations, we can compute the required integrals:

Oin /T = 005 20y — €08 Oy \/c05 20 — 05 20
I = / sin 04/sin? Ogue — sin?0do = €05 200ur — €08 Oiny/¢08 2w — c05 Wous
0 2v/2

082004t + 1 V2 cos 05, + +/cos 20, — cos 20,4
In (15)

4 V2 4+ /1 = cos 2000t

Oin [ o .o, V1 = cos 26; 20;, + 1 2 cos
I = / sin04/sin0;, —sin?6df = CO8 Z0im + €08 20in + In V2 cos 6;, (16)
0 22 4 V2 + /T = cos 26;,

L /QOM g ﬁsinQ b _sin?0ds — cos Oin\/cos 20, — cos 2004t
P ou 2\/§

in

€08 205yt + 1 V2 cos oyt
In (17)
4 V2 cos Oy, + /cos 205, — c08 200ut
We thus obtain
L I — I, + I
2 fo 1 2+ 13

V1 —cos 2004 — /1 — cos 20;,
2v2
€08 20t + 1 V2 cos Oout cos 26;, +1 V2 cos 6;,
In - In (18)

4 V2 4+ /1 = cos 20,y 4 V2 4+ /1 = cos 20;,

The ratio in % between the small angle approximation and the correct spherical computation is shown in

Fig. 1 as function of 6, for 6;, = %Hout.
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Figure 1: Ratio in % between the small angle approximation and the correct spherical computation as

function of 0, for 6;, = %Gout.

3 Spectral models

3.1 PowerLaw

The power law spectral model is defined by

I(E)=k (p)7 (19)

where

e k is the normalization of the power law (units: ph cm=2 s=1 MeV 1),
e p is the pivot energy (units: MeV), and

e v is the spectral index (which is usually negative).

Each of the 3 parameters is factorised into a scaling factor and a value, i.e. k = kgk,, p = psDy, and v = 5y, -
The GModelSpectralPlaw: :eval _gradients returns the gradients with respect to the parameter value of

the factorisation. Note that for any parameter a = asa,:
or ol da ol
2z = —a, 20
da, dada, 5aa (20)

The parameter value gradients for the power law are given by

Lo ()12 (21)

5kv p kv
oI v (E)'y ~y

= 1l Z) =—LI(E 22
Opy Do P Do (E) (22)
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3.2 PowerLaw?2

This flavour of the power law spectral model uses the integral flux f within the energy range Ey, and
E..x as free parameter instead of the normalization k. The integral flux f is given by

Emax
f= : I(E)dE (24)
The power law model is then defined by ~
I(E) =k E" (25)
where s
if v=-1
~ 0 By — 0 By !
k= (26)
fA+7) )

is obtained from Eq. (24).

Each of the 4 parameters is factorised into a scaling factor and a value, e.g. f = fsf, and 7 = vs7,. It is
assumed that F;, and Ey.x are fixed parameters, and GModelSpectralPlaw2: :eval_gradients returns
valid gradients only for f, and ~,.

The flux value gradient f, is given by

61 SIof oI, 6k
5, ofof, ep T ot

The index value gradient =, is given by

oL _oloy ol (F g hpmE e = Lok g REVy, = Lok 1k I(E)ys
k oy k o

R ﬂfy oy
(28)
where
0 ify=-1
- (29)
o ] f <Er¥$}1 - EerTnl) —f(l+7) (E;gi In Byayx — B2 In Emin)
2 else
(E;zigx1 - Ej;i:ll)
Note that for v # —1
10k 1 (E&:,% In By — EXF ! In Emm)
(30)

Ea:].-’-’}/_ (E’Y+1_E’Y+1)

max min



